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THE GALOIS CLOSURE OF THE GARCIA-STICHTENOTH
TOWER
ALEXEY ZAYTSEV
Abstract. We describe the Galois closure of the Garcia-Stichtenoth tower
and prove that it is optimal.
1. Introduction
In 1996 Garcia and Stichtenoth constructed in [1] a tower of Artin-Schreier covers
. . .→ Xi → Xi−1 → . . . X1 → P
1
which are defined over the finite field Fq2 and given by a simple recursive equation
such that
lim
n→∞
N(Xn)/g(Xn) = q − 1,
where N(Xn) is the number of Fq2 -rational points and g(Xn) is the genus of Xn.
In this note we construct the Galois closure of this tower, i.e. the tower of covers
. . .→ X˜i → X˜i−1 → . . . X˜1 → P
1
such that X˜i is the Galois closure of the cover Xi → P
1. We give explicit formulas
of the genus, estimate the number of Fq2 -rational points of the curve X˜i and show
that the tower is optimal as well, i.e., it reaches the Drinfeld-Vla˘dut¸ upper-bound.
2. Generators for the Galois Closure
Let p be an odd prime number and K = Fp2 be a finite field of cardinality p
2.
Garcia and Stichtenoth described in [1] a tower of curves or function fields over K
by defining recursively fields Tm := K(x1, . . . , xm) with xi+1 satisfying the equation
xpi+1 + xi+1 = x
p+1
i /(x
p
i + xi). (1)
We shall write ℘(x) for the expression xp + x and we let g be the rational function
xp+1/(xp + x) in Fp(x). Furthermore, we set h = (x
p−1 − 1)/(xp−1 + 1) ∈ Fp(x).
Then Tn is obtained from Tn−1 by adjoining a root y = xn of the equation ℘(y) =
g(xn−1). We let T˜n be the Galois closure of Tn over T1 and Γn the Galois group of
T˜n over T1.
We set K− = {α ∈ K : α
p = −α}. If c = (c1, . . . , cn) ∈ K
n
− (for n ≥ 2) then we
denote by uc a root of
fc := X
p +X − g(uc′ + cn),
where c′ is the shortened vector c′ = (c1, . . . , cn−1) and for n = 1, the element uc1
is a root of polynomial
fc1 := X
p +X − g(x2 + c1).
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We make the generators more precise in the following proposition.
Proposition 2.1. For n ≥ 3 the field T˜n is generated over T˜n−1 by adjoining all
the elements uc with c ∈ K
n−2
− .
Proof. The proof is by induction on n. If n = 3 then the field T˜3 is the composite of
the fields T˜2(σ(x3)) with σ running through Γ3. By applying σ to (1) one sees that
σ(x2) = x2+ c1 for some c1 ∈ K−. Similarly, one observes that ℘(x3) = g(x2+ c1),
i.e., σ(x3) = uc1+c2 for some c1 and c2 fromK−. So one gets T˜3 = T2(uc : c ∈ K−).
In general, the field T˜n+1 is the composite of the fields σ(Tn+1) with σ ∈ Γn+1 and
σ(Tn+1) is contained in the field σ(T˜n(xn+1)) = T˜n(σ(xn+1)). Again, by applying
repeatedly σ to (1) one sees ℘(σ(xn+1)) = g(uc′ + cn) for some c
′ ∈ Kn−1− and
cn ∈ K−. 
Now we shall see that we can restrict to a certain subset of the uc, namely those
for which c = (c1, . . . , cn−2) with cn−2 ∈ {0, b} for a fixed element b 6= 0 of K−.
For this we note that T˜3 = T3(uc) for any non-zero c in K−. Indeed, given such c
we have the identity
℘(uc − x3 + c
2/x1) = c
xp−12 − 1
xp−12 + 1
which follows directly from writing out the left hand side. This implies that
cub − buc = (c− b)x3 + (bc
2 − b2c)/x1 + δc,b
for some δc,b ∈ K−. In general, if for c
′ = (c1, . . . , cn−1) and c = (c1, . . . , cn−1, ξ)
we write uc′,ξ for uc, we have by a similar argument for c ∈ K
n−1
−
αuc′,β − βuc′,α = (α− β)uc′,0 + (βα
2 − αβ2)/(uc′+αn−1) + ηα,β
for some ηα,β ∈ K− and hence for a fixed β ∈ K− with β 6= 0 we get T˜n+2 =
T˜n+1(uc,ξ : c ∈ K
n−1
− , ξ ∈ {0, β}). We conclude:
Proposition 2.2. Let β be a non-zero element of K−. The field T˜n+2 is generated
over T1 by the set of elements {uc,ξ : c ∈ K
n−1
− , ξ ∈ {0, β}}.
In the following we shall also need the following formulas (where we recall that
℘(x) = xp + x and h(x) = (xp−1 − 1)/(xp−1 + 1)).
Lemma 2.3. For all α, α1 in K− and c ∈ K
n−2
− with α 6= 0 we have
(1) ℘(uα − x3 + α
2/x1) = αh(x2),
(2) ℘(uα1,α − uα,0 + α
2/(x2 + α1)) = αh(uα1),
(3) ℘(uc,αk−1,α − uc,αk−1,0 + α
2/(uc + αk−1)) = αh(uc,αk−1).
Proof. This can be proved by direct calculation. As an example we prove the second
relation by writing
℘(uα1,α) = g(uα1 + α) = g(uα1) + αh(uα1)− α
2 1/℘(uα1)
= ℘(uα1,0) + αh(uα1)− α
2 ℘(1/(x2 + α1))
and observing that ℘ is additive. 
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3. Splitting Points
Let Xn (resp. X˜n) be the irreducible complete smooth algebraic curve defined
over K by the function field Tn (resp. T˜n). Note that X1 is the projective line P
1.
Here we prove that all the points of the affine line with coordinates not in K− split
completely. At this moment we shall use notations pin and p˜in for the coverings
Xn → P
1 and X˜n → P
1 respectively.
Proposition 3.1. Every K-rational point of the affine line A1 ⊂ P1 = X1 with
coordinate not in K− splits completely in the tower X˜n.
Proof. Since T˜n is obtained by adjoining successively the elements uc for c ∈ K
n−2
−
to T˜n−1 we start with a K-rational point P = P1 not in K− and consider the
behavior of points lying over P in these successive extensions.
Let P = P1 be a point of the affine x1-line with coordinate ξ in Fp2\K−. Let
Nm and Tr denote the trace from Fp2 to Fp. By the identity
ξp+1
ξp + ξ
=
Nm(ξ)
Tr(ξ)
(2)
it is clear that this expression lies in F∗p and it is immediate that P splits completely
in the field extension T2/T1 given by adjoining a root of Y
p + Y = Nm(ξ)/Tr(ξ)
and the x2-coordinate of any point P2 over P has coordinate η in Fp2\K−. So we
can repeat the argument and see that P2 splits completely in the extension T3/T2.
Since for c ∈ K− uc is a root of X
p + X = Nm(η + a)/Tr(η) and the right hand
side lies in F∗p we see again that P splits completely in T˜3. For the general step we
need the following lemma.
Lemma 3.2. Let Q be a point on X˜n lying over P ∈ A
1(Fp2)\A
1(K−). Then for
n ≥ 3, any c ∈ Kn−2− and α ∈ K− the value uc(Q) lies in Fp2\K− the polynomial
Xp +X −
(uc + α)
p+1
upc + uc
splits completely into linear factors over Fp2 at the point Q.
Proof. We use induction on n starting with n = 3. For n = 3 relation (2) shows
that g(x2+α)(Q) lies in F
∗
p and hence ua(Q) ∈ Fp2\K− for any α ∈ K−. We denote
by Qn−1 the image of Q on X˜n−1. Assume now that uc(Qn−1) ∈ Fp2\K− for an
arbitrary c ∈ Kn−3− . So for any α ∈ K− the expression Nm(uc + α)/Tr(u
p
c + uc)
is Fp-valued and does not vanish in Qn−1. But that implies that our polynomial
fc,α evaluated at Qn−1 factors linearly and has no roots in K−. It follows that
uc,α(Q) ∈ Fp2\K−. 

Corollary 3.3. The finite field Fp2 is the full constant field of the function field of
the curve X˜n.
Corollary 3.4. The curve X˜n has at least (p
2 − p)[T˜n : T1] Fp2-rational points.
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4. Ramification over Zero
In this section we calculate the contribution to the different of the ramifying
points of X˜n which lie over the point P0 of X1 given by x1 = 0.
Proposition 4.1. Let n ≥ 4. There exists points Qi ∈ X˜i for i = 1, . . . , n such
that Qi+1 lies over Qi and such that Q3 is unramified over Q1 and such that for
i ≥ 3 the point Qi+1 ramifies over Qi with ramification index e = p and different
degree d = 2(p− 1).
Proof. For the proof we first observe that if Q′3 ∈ X3(Fp2) is the point of X3 defined
by x1 = x2 = x3 = 0 then Q
′
3|Q1 is unramified as follows from [2]. Moreover, T˜3
can be generated over T3 by adjoining a root of T
p + T = c h(x2) for an arbitrary
c ∈ K∗−. The right-hand side of this has value −c in Q
′
3, so Q
′
3 is inert giving a
point Q3 on X˜3. We also observe for later use that for any c ∈ K− the function
uc + c
2/x1 is regular at Q3.
The proof of the proposition is now by induction starting with the case n = 3
just settled. We assume having established the existence of a point Qn+2 on X˜n+2
satisfying the following properties P (n+ 2). We shall denote the zero vector with
i coordinates by 0i.
Property 4.2. We say that a point P of the curve X˜n+2 has property P (n + 2) if
the following conditions hold
(1) The point P is a zero of the functions x1, x2, . . . , xn.
(2) For any α ∈ K∗− and non-zero c ∈ K
n
− function uc has a pole at the point
P and this pole is simple if c = (α, 0n−1).
(3) For any α, β ∈ K∗− and c ∈ K
n−1
− , the function uβ,c − β
2/α2uα,0n−1 is
regular at P .
(4) For anym ≥ 2 and any element c = (c1, . . . , cm) ∈ K
∗
−×K
m−1
− the function
u0n−m,c − u0n−m−1,c1,0m−2 is regular at P .
(5) The function uc + c
2
n/xn is regular at P where c = (0, . . . , 0, cn) ∈ K
n
−.
We construct the field extension T˜n+3 of T˜n+2 by successively adjoining elements
uc with c = (c1, . . . , cn+1) ∈ K
n+1
− and we analyze when we get contribution to the
different from ramification. For a convenience analysis we separate our indices into
the following sorts:
(1) c1 = . . . = cn+1 = 0,
(2) c1 = . . . = cn = 0, cn+1 6= 0,
(3) c1 6= 0, c2 = . . . = cn+1 = 0,
(4) c1 6= 0, cn+1 = 0,
(5) c1 6= 0, cn+1 6= 0,
(6) c1 = . . . = cs = 0, cs+1 6= 0, cn+1 = 0, n+ 1− s ≥ 2 and s ≥ 1,
(7) c1 = . . . = cs = 0, cs+1 6= 0, cn+1 6= 0, n+ 1− s ≥ 2 and s ≥ 1,
(8) c1 = 0 . . . = cn−1 = 0, cn 6= 0 and cn+1 = 0,
(9) c1 = 0 . . . = cn−1 = 0, cn 6= 0 and cn+1 6= 0;
and adjoin successively elements uc with c = (c1, . . . , cn+1) of these types.
We shall show that only elements of type 3) contribute to the different. We select
the generators and their polynomials at each stage such that we are able to apply
Artin-Schreier reduction([4] Proposition 3.1.10 p.64) or Kummer’s theorem([3] The-
orem III.3.7 p.76). As is well-known a polynomial of the form T p + T + w ∈ F [T ],
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with F a field extension of Fp2 , is either irreducible or splits into linear factors. If
such a polynomial is reducible, then adjoining a root will not extend the field, but
this will not lead to confusion.
If we adjoin an element of type 1) then we get a function field F1 = T˜n+2(uc)
with c = (0, . . . , 0) and this extension is actually generated by an element xn+3
satisfying an equation ℘(xn+3) = g(xn+2). Now observe that g(xn+2) vanishes at
Qn+2, so Qn+2 splits in this extension giving us a point Qn+2,1 on the corresponding
curve, such that xn+3 vanishes at Qn+3. (In the next section we shall show that
the polynomial ℘(X)− g(xn+2) ∈ T˜n+2[X ] is in fact irreducible.)
Next we treat the case (2), where we adjoin a root of uc of ℘(uc − xn+3 +
c2n+1/xn+1) = cn+1 h(xn+2) for c = (0, . . . , 0, cn+1) with cn+1 6= 0. Now h(xn+2)
assumes the value −1 at Qn+2,1. So in this extension F1(uc) the point Qn+2,1
does not ramify, giving us the point Q′n+2,1 such that uc + c
2
n+1/xn+1 is a regular
function at the point Q′n+2,1.
If we adjoin repeatedly such elements uc with c of type 2) then Abhyankar’s
lemma(cf., [3] Prop. III.8.9) implies that in the composite field F2 := F1({uc :
c of type 2)}) there is a point Qn+2,2 lying over Qn+2,1 with e(Qn+2,2|Qn+2,1) = 1
and the functions uc + c
2
n+1/xn+1 are regular at the point Qn+2,2 for any c of type
2).
For the rest of the proof we fix an element α ∈ K∗−. Now let F3 be the field
obtained by adjoining to F2 one element uc with c1 = α and c2 = . . . = cn+1 = 0.
Then the defining equation for this field extension is fc = 0. Since we know that
g(uc) has a simple pole at Qn+2,2 the point Qn+2,2 ramifies giving one point Qn+2,3
with contribution 2(p− 1) to the different and the function uα,0n has a simple pole
at point Qn+2,3.
If we adjoin an element of type 4) then combining the two relations ℘(uc) =
uc′ + O(1/uc′) and ℘(uα,0n) = uα,0n−1 + O(1/uα,0n−1) at the point Qn+2,3, we
see that the point Qn+2,3 does not ramify and gives a point Q
′
n+2,3 such that the
function uc− c
2
1/α
2uα,0n is regular at the point Q
′
n+2,3. (Here and in the following
the symbol O(t) at a point P means a function of the form ut with u is a regular
function at P ).
If we adjoin repeatedly such elements uc with c of type 4), then Abhyankar’s
lemma implies that in the composite field F4 := F3({uc : c of type 4)}) there is
a point Qn+2,4 lying over Qn+2,3 with e(Qn+2,4|Qn+2,3) = 1 and such that uc −
c21/α
2uα,0n is the regular function at the point Qn+2,4 for any element c of type 4).
Next we are going to adjoin the elements of type 5). Observe that h(uc′) has
value 1 at the point Qn+2,4. Therefore in view of the third relation in Lemma 2.3,
we obtain that the point Qn+2,4 does not ramify, giving us a point Q
′
n+2,4 on the
corresponding curve such that the function uc − c
2
1/α
2uα,0n is regular at the point
Q′n+2,4.
If we adjoin repeatedly such elements uc with c of type 5) then Abhyankar’s
lemma implies that in the composite field F5 := F4({uc : c of type 5)}) there is
a point Qn+2,5 lying over Qn+2,4 with e(Qn+2,5|Qn+2,4) = 1 and such that the
functions uc − c
2
1/α
2uα0n are regular at the point Qn+2,5.
If we adjoin an element of type 6), then we write ℘(uc) = uc′ + O(1/uc′) and
℘(u0s,cs+1,0n−s) = u0s−1,cs+1,0n−s−1 +O(1/u0s−1,cs+1,0n−s−1) at the point Qn+2,5, to
get a point Q′n+2,5 that lies over Qn+2,5 with e(Q
′
n+2,5|Qn+2,5) = 1 and such that
the function uc − u0s,cs+1,0n−s is regular at the point Q
′
n+2,5.
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In case we adjoin repeatedly such elements uc with c of type 6), Abhyankar’s
lemma implies that in the composite field F6 := F5({uc : c of type 6)}) there is
a point Qn+2,6 lying over Qn+2,5 with e(Qn+2,6|Qn+2,5) = 1 and such that the
functions uc − u0s,cs+1,0n−s are regular at the point Qn+2,6.
If we adjoin an element uc with c of type 7), then in view of relation 3) of
Lemma 2.3 and such that the value of h(uc′) equals 1 at the point Qn+2,6 we get
a point Q′n+2,6 lying over Qn+2,6 such that e(Q
′
n+2,6|Qn+2,6) = 1 and the function
uc − uc′,0 is regular at the point Q
′
n+2,6, so uc − u0s,cs+1,0n−s is also a regular
function at the point Q′n+2,6. Now Abhyankar’s lemma applied to the composite
field F7 = F6({uc : of type 7)}) shows that there exists a point Qn+2,7 lying over
Qn+2,6 such that e(Qn+2,7|Qn+2,6) = 1 and such that the function uc − uc′,0 is
regular at the point Qn+2,7, hence uc− u0s,cs+1,0n−s is regular at the point Qn+2,7.
The last two steps differ little from the previous ones. First we adjoin an element
uc with c of type 8). The relation ℘(uc+c
2
n/xn−1) = uc′+c
2
n/xn+O(1/u
′
c)+O(xn)
at the point Qn+2,7, implies that Qn+2,7 does not ramify, giving us a point Q
′
n+2,7
on the corresponding curve such that the function uc + c
2
n/xn−1 is regular at the
point Q′n+2,7 and hence uc − u0n−2,cn is also regular. Applying Abhyankar’s lemma
to the composite field F8 = F7({uc : c of type 8)}) we see that there is a point
Qn+2,8 lying over Qn+2,7 with e(Qn+2,8|Qn+2,7) = 1 and such that the functions
uc − u0n−1,cn are regular at the point Qn+2,8.
Finally we adjoin the elements uc, where c is type 9). Since the function
℘(uc − u0n−1,cn,0 + c
2
n+1/(xn+1 + cn) is regular at the point Qn+2,8 (the value
h(u0n,cn) is 1 at this point) we see that the point Q
′
n+2,8 does not ramify with
uc−u0n−1,cn,0 being a regular function at the point Q
′
n+2,8 and hence uc−u0n−2,cn
is regular as well. Abhyankar’s lemma applied to the composite field F9 = F8({uc :
c of type 9)}) shows the existence of a point Qn+2,9( which is now called Qn+3),
such that e(Qn+2,9|Qn+2,8) = 1 and the functions uc − u0n−2,cn are regular at the
point Qn+2,9 = Qn+3.
So we conclude that F9 = T˜n+3 and our proof is finished but for the remark
that Property (2) of P (n+3) holds because the function uc has a pole at Qn+3 for
non-zero c by the induction hypothesis and since function ℘(uc′,cn+1) has a pole at
Qn+3.

Since X˜n is a Galois covering of X1, for calculating the contribution to the
ramification divisor of all points lying over P0 it suffices to calculate the contribution
of one such point. This contribution was calculated in Proposition 4.1. Collecting
results we obtain the following corollary.
Corollary 4.3. For n ≥ 4 let Dn be the divisor on the curve X˜n such that
vP (Dn) = vP (Diff(T˜n/T1)) and P ∩ T1 = P0 for any P ∈ Supp(Dn). Then we
have
deg(Dn) = 2 deg(p˜in)(1− p
3−n).
Proof. For any point Q on curve X˜n lying over P0, we have d(Q|P0) = d(Qn|P0)
with Qn the point mentioned in Proposition 4.1. We obtain
deg(Dn) = (1 + . . .+ p
n−4)2(p− 1)#{Q ∈ X˜n : Q|P0} deg(Qn)
= 2 deg(p˜in)(1− p
3−n).

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5. The other rational points
In this section we calculate the contribution to the different of the ramifying
points of X˜n which lie over the point P1 equal to ∞ or a ∈ K
∗
− in P
1 . These two
kinds of points have the same behavior.
Proposition 5.1. Let P1 be a rational point on P
1(K) with coordinate a ∈ K∗−∪∞.
Then there exists points Pi on X˜i for i = 1, . . . , n such that Pi+1 lies over Pi and
such that the point Pi+1 ramifies over Pi with ramification index e = p and different
degree d = 2(p− 1).
Proof. In view of the fact that the function g(x1) has a simple pole at P1 we get
that P1 ramifies, giving us a point P2 on curve X2 with d(P2|P1) = 2(p − 1) and
such that the function x2 has a simple pole at P2. Therefore the function g(x2)
again has a simple pole at the point P2 and the point P2 ramifies, yielding a point
Q on curve X3 with d(Q|P2) = 2(p− 1) and such that the function x3 has a simple
pole at Q. Now to reach the curve X˜3 we shall adjoin an element uc with c ∈ K
∗
−;
in this case the function h(x2) has the value 1 at the point Q, so the point Q does
not ramify, leading us to a point P3 on curve X˜3 and such that the function uc−x3
is regular, hence the function uc has a simple pole at the point P3.
The proof of the proposition is analogous to that of Proposition 4.1, starting with
case n ≤ 3 just settled. We distinguish various cases depending on c ∈ Kn+1− and
the property P (n) is replaced by the Property S(n) below. We construct the field
extension T˜n+3 over T˜n+2 by successively adjoining elements uc with c ∈ K
n+1
− .
Like in the previous section we distinguish several cases:
(1) c1 = . . . = cn+1 = 0,
(2) c = (c′, 0), with c′ ∈ Kn−,
(3) c = (c′, cn+1), with c
′ ∈ Kn− and cn+1 ∈ K
∗
−.
Property 5.2. We say that a point P of the curve X˜n+2 has property S(n + 2) if
the following conditions hold
(1) The function uc has a simple pole at the point P for any c ∈ K
n
−.
(2) The function uc − u0n is regular at the point P for any c ∈ K
n
−.
If we adjoin an element of type (1) then we obtain a function field F1 := T˜n+2(uc).
Now observe that the function has a simple pole at the point Pn, therefore the
polynomial ℘(X) − g(xn+2) ∈ T˜n+2[X ] is irreducible and Pn+2 ramifies, and pro-
vides us with a point Pn+2,1 on the corresponding curve such that the function uc
has a simple pole at Pn+2,1. (In particular, we have proved irreducibility of the
polynomial ℘(X)− g(xn+2) over T˜n+2 as we promised in the previous section.)
Next we treat the case 2) and adjoin uc, which is a root of fc = 0. If we combine
the two relations ℘(uc) = uc′ + O(1/uc′) and ℘(u0n+1) = u0n + O(1/u0n) at the
point Pn+2,1 then we obtain that Pn+2,1 does not ramify, yielding a point P
′
n+2,1
such that the function uc − u0n+1 is regular at the point P
′
n+2,1. If we adjoin
repeatedly such elements uc with c of type 2) then Abhyankar’s lemma implies that
in the composite field F2 := F1({uc : c of type 2)}) there is a point Pn+2,2 lying
over Pn+2,1 with e(Pn+2,2|Pn+2,1) = 1 and such that the functions uc − u0n+1 are
regular at the point Pn+2,2.
If we adjoin an element uc with c of type 3), then in view of relation 3) of Lemma
2.3 and the fact that the value of h(uc′) equals 1 at the point Pn+2,2 we get a point
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P ′n+2,2 lying over Pn+2,2 such that e(P
′
n+2,2|Pn+2,2) = 1 and such that the function
uc − uc′,0 is regular at the point P
′
n+2,2; therefore uc − u0n+1 is also a regular
function at the point P ′n+2,2. Finally, Abhyankar’s lemma applied to the composite
field F3 = F2({uc : of type 3)}) shows that there exists a point Pn+2,3(which we call
Pn+3) lying over P
′
n+2,2 such that e(Pn+2,3|P
′
n+2,2) = 1 and the functions uc−uc′,0
are regular at the point Pn+2,2; hence uc − u0n+1 is regular at the point Pn+2,3 for
all such c. To finish our proof, we remark that the first condition of Property(5.2)
follows from the strict triangle inequality for discrete valuations applied to the
relation ℘(uc) = g(uc′ + cn+1). 
Since X˜n is a Galois covering of X1, for calculating the contribution to the
ramification divisor of all points lying over P1 it suffices to calculate the contribution
of one such point. This contribution was calculated in Proposition 5.1. We thus
obtain the following corollary.
Corollary 5.3. For n ≥ 5 let Ln be the divisor on the curve X˜n such that vP (Ln) =
vP (Diff(T˜n/T1)) and P ∩ T1 is the point P1 for any P ∈ Supp(Ln). Then we have
deg(Dn) = 2(p− p
2−n) deg(p˜in).
Proof. For any point P on curve X˜n lying over P1, then d(P |P1) = d(Pn|P0). For
the point Pn from Proposition 5.1 we have d(Pn|P1) = (1 + . . .+ p
n−4)2(p− 1) +
2pn−3(p2 − 1). As a result we obtain
deg(Dn) =
deg(p˜in)
e(P1)f(P1)
2(pn−1 − 1) deg(Pn) =
2(pn−1 − 1)
pn−2
deg(p˜in).

6. The genus of the curves and the optimality of the new sequence
In this section we shall show that our sequence of curves attains the Drinfeld-
Vla˘dut¸ bound. We show that limn→∞N(X˜n)/g(X˜n) = p − 1. Since we already
estimated the number of rational point of the new curves, we only need to calculate
the genus of these curves. We are going to show that the different of the covering
X˜n over P1 is the sum of two divisors Dn and Ln described in section 4 and 5
respectively. After that the calculation of the genus is simple.
Proposition 6.1. Let n ≥ 5 we have that Diff(X˜n/P
1) = Dn+Ln with the divisors
Dn and Ln defined in sections 4 and 5, respectively.
Proof. By Artin-Schreier reduction we see that if a point of the curve X˜n+2 con-
tributes to the different of the covering X˜n+3/X˜n+2 then it is a pole of the function
g(ua + an+1) with (a, an+1) ∈ K
n+1
− . To find all these points we shall consider the
divisors of the functions ua + an with (a, an+1) ∈ K
n+1
− . We need a lemma.
Lemma 6.2. Let a point P of the curve X˜n+2 be either a pole or a zero of some
function ua+an with (a, an+1) ∈ K
n+1
− . Then it lies over rational point on P
1 with
coordinate in K− ∪ {∞}.
Proof. We proceed by induction on n. Let n = 1, i.e. we have a point P on the
curve X˜3 which is either a zero or a pole of the function ua1 +a2. In this case it has
to be either a zero or a pole of the function g(x2 + a1) and hence P ∈ supp(x2 + γ)
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for some γ ∈ K−. Since ℘(x2 + γ) = g(x1) we get that P is either a zero or a pole
of the function x1 − β for some β ∈ K−.
For the general case let P be a point of the curve X˜n+2 in supp(ua+ an+1) with
(a, an+1) ∈ K
n+1
− . Then from the relation ℘(ua+ an+1) = g(ua′+an) we get that P
in supp(ua′+an) as well. Using the induction hypothesis we obtain that P lies over
some rational point on P1 with coordinate in K− ∪ {∞}. 
Now we show that if a point P of the curve X˜n+2 contributes to the different
Diff(X˜n+3/X˜n+2) then it is a pole of the function g(ua + an+1) with (a, an+1) ∈
Kn+1− and hence it is either a pole or a zero of the function ua+an+1. Therefore by
Lemma 6.2 the point P lies over rational point on P1 with coordinate in K−∪{∞}.
Applying that Diff(X˜n+3/P
1) = Diff(X˜n+3/X˜n+2) + (pin+3,n+2)∗(Diff(X˜n+2/P
1))
with pin+3,n+2 : X˜n+3 → X˜n+2 and the induction hypothesis we finish our proof. 
Next we calculate the genus of the curve X˜n.
Corollary 6.3. For n > 4 the genus of the curve X˜n is given by the formula
g(X˜n) = deg(p˜in)(p− p
3−n − p2−n) + 1.
Proof. By the Hurwitz genus formula for the covering p˜in we have
g(T˜n) = 1/2 deg(Diff(p˜in))− deg(p˜in) + 1
= 1/2(deg(Dn) + deg(Ln))− deg(p˜in) + 1
= deg(p˜in)(p− p
3−n − p2−n) + 1.

Since we know the genus of the curve X˜n we can now present the main result of
this article, namely that the new sequence of curves is optimal.
Theorem 6.4. The sequence of curves {X˜n}n≥1 attains the Drinfeld-Vla˘dut¸ upper-
bound, i.e., limn→∞N(X˜n)/g(X˜n) = p− 1.
Proof. We have
λ({X˜n}) = lim
n→∞
N(X˜n)
g(X˜n)
≥ lim
n→∞
deg(p˜in)(p
2 − p)
deg(p˜in)(p− p3−n − p2−n) + 1
= p− 1.
Therefore the Drinfeld-Vla˘dut¸ upper bound provides the equality. 
At the end we would like to remark that the result can be generalized with p
replaced by any power of an odd prime. For this one should use Kummer’s theorem
instead of Artin-Schreier reduction for proving that points do not contribute to
the different. It is based on the fact that the polynomial fc(X), with p changed
to q, gives us a separable polynomial under reduction at certain points, hence
its irreducible factors also give us separable polynomials under reduction at such
points. Therefore those points are unramified by Kummer’s theorem.
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